Abstract. In this note, we give a characterization of the adjacency matrix of the line digraph of a regular digraph and we discuss a generalization.On the light of the characterization given, we remark that the underlying digraph of a coined quantum random walk is the line digraph of a regular digraph.
1.
A characterization of the adjacency matrix of the line digraph of a regular digraph 1.1. Set-up. The notion of line digraph has been introduced by Harary and Norman [HN60] in 1960. A classic survey on line graphs and digraphs is [HB78] ; a recent one is [P95] . Line digraphs are used in the design and analysis of interconnection networks (see e.g. [FYA84] ). Line digraphs are also used in algorithms for DIRECTED MAX-CUT [CE90] and TRAVELLING SALESMAN [GKWS98] . the complete symmetric digraph with a loop at each vertex. The de Bruijn digraph B (d, k) and the Kautz digraph K (d, k) can be defined as follows (see [FYA84] ):
We remark that the line digraph of an Eulerian digraph is:
• Hamiltonian (see e.g. [HB78] );
• The pattern of a unitary matrix (see [S02] ), that is, there are unitary matrices such that their ij-th entry is nonzero, if and only if (v i , v j ) is an arc. It might be interesting to remark that:
• If D is strong, k-regular and on n-vertices, then − → L D is strong, k-regular, and on n · k vertices (see e.g. [HB78] , Theorem 7.4).
• The eigenvalues of − → L D are the eigenvalues of D plus a zero eigenvalue with algebraic multiplicity n (k − 1) (see e.g. [R01] , Theorem 3);
• − → L D is bipartite if and only if D is bipartite, since a digraph is bipartite if and only if, for each eigenvalue λ i , 2 − λ i is also an eigenvalue (see, e.g., [C94] , Lemma 1.8).
It might be interesting to note that two random walks, one in a D and the other in − → L D, having the same transition probabilities, are equivalent, that is, at every step, induce the same probability distributions on the vertices of D.
Let denote by M (D) the adjacency matrix of a digraph D. In the next section we give a characterization of the adjacency matrix of the line digraph of a regular digraph which makes use of the Kronecker product. In the literature, in various occasions, the adjacency matrix of certain line digraphs has been expressed by making use of the Kronecker product. For example, in [DT98] , it is observed that B (d, k) has adjacency matrix
where ⊗ denotes Kronecker product, I d is the identity matrix of size d and 1 d the all 1's row vector of length d.
the subdigraph F is said to be a spanning subdigraph of D, or equivalently, a factor of D. A k-factor F of D is a k-regular spanning subdigraph of D. A 1-factor is then the disjoint union of directed cycles and its adjacency matrix is a permutation 
, keep the same labelling of F j and label by v m , with m = l, the m-th of the k − 1 vertices which are heads of the arcs incident to v i and that are not in F j . Then label the arc (v i , v m ) with the pair (F m , v m ). Since F j is the disjoint union of directed circuits, and since the line digraph of a directed circuit is isomorphic to a directed circuit (see e.g. [HB78] , Theorem 7.1), follows Υ D (F j ) ∼ = Υ LD (F j ). Given the chosen labelling and an ordering of the vertices,
2. Some observations suggested by the characterization 2.1. Coined quantum random walks. Here we remark that the underlying digraph of a coined quantum random walk is a line digraph of a regular digraph. The fact that the line digraph of an Eulerian digraph is the pattern of a unitary matrix has been used in studies of quantum chaos (see e.g. [PTZ02] ). Without being remarked, this fact has been also used in the definition of the coined quantum random walks (see [ABNVW01] and [AKV01] , or see the introduction of [BCGJW02] for a list of references on the subject updated to July 2002). Let D be a k-regular digraph on n vertices. Consider two closed quantum systems, to which are respectively assigned the Hilbert spaces H k and H n , of respective dimensions k and n. Label each ray of the standard basis of H k by a 1-factor of D. Label each ray of the standard basis of H n by the vertices of D. Let {|F j , v i : 0 ≤ j ≤ k, 0 ≤ i ≤ n} be the standard basis of H k·n = H k ⊗ H n . Let denote by |ψ t the state of the system at time t. Let T : H k·n −→ H k·n and C :
The matrices C and T , arising from these operators, are respectively called coin and shift. Define the unitary operator U :
A coined quantum random walk on D with coin C, is induced by the transition matrix U = T (C ⊗ I n ), and is the sequence {X t } of random variables which starts at X 0 = v i , fixed, or drawn from some initial distribution. At time t, the probability that X t = v j is Pr t (v j |ψ 0 ) = i ψ t | P ij |ψ t , where |ψ t = U t |ψ 0 and P ij is the projector onto the k-dimensional subspace spanned by |F j , v i . Since, by
, it is clear that the underlying digraph of a coined quantum random walk is a line digraph of a regular digraph. It might be interesting to remark, that another method to lift digraphs to digraphs that are patterns of unitary matrices. might consist in substituting the entries of the adjacency matrix with matrices of size larger than one, in some appropriate way. For example, D = Cay (Z n , {1, −1}) is not the pattern of a unitary matrix. From the adjacency matrix of D, if n is even, we can obtain the orthogonal matrix
, and, if n is odd, the orthogonal matrix
, where
Note that the eigenvalues of the digraphs that are the patterns of the above matrices are the same of the adjacency matrix of D.
Generalizing the notion of line digraph.
Here we describe a generalization of the notion of line digraph of a regular digraph suggested by the characterization given in Section 1. Let D be a regular digraph on n vertices and with degree k. Let π = {F 1 , F 2 , ..., F m } be a factorization of D, such that F 1 , F 2 , ..., F m are regular digraphs possibly with different degrees. The digraph D (π) is defined to be the digraph whose adjacency matrix is (M (K 
it is immediate to see that if there is a dipath from u to z in D then there is a path
Take a 1-factor of each factor of π. If the sum of the adjacency matrices the 1-factors taken is the adjacency matrix a Cayley digraph then the line digraph of such a digraph is a spanning subdigraph of D (π) which is then strong. 
